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Abstract
We study N = 2 supersymmetric Chern-Simons Higgs models in (2+1)-dimensions
and the existence of extended underlying supersymmetric quantum mechanics alge-
bras. Our findings indicate that the fermionic zero modes quantum system in conjunc-
tion with the system of zero modes corresponding to bosonic fluctuations, are related
to an N = 4 extended 1-dimensional supersymmetric algebra with central charge, a
result closely connected to the N = 2 spacetime supersymmetry of the total system.
We also add soft supersymmetric terms to the fermionic sector in order to examine
how this affects the index of the corresponding Dirac operator, with the latter charac-
terizing the degeneracy of the solitonic solutions. In addition, we analyze the impact
of the underlying supersymmetric quantum algebras to the zero mode bosonic fluctu-
ations. This is relevant to the quantum theory of self-dual vortices and particularly
for the symmetries of the metric of the space of vortices solutions and also for the
non-zero mode states of bosonic fluctuations.
Introduction
Gauge field theories in (2 + 1)-dimensions [1, 2] have particularly interesting attributes,
mainly stemming from the fact that the Chern-Simons [3–5] term can be consistently incor-
porated in the theoretical framework. This term significantly alters the long distance be-
havior of the theory and also modifies the characteristics of the allowed solitonic solutions.
Particularly, the topologically stable solitonic solutions can have electric charge [6–8], a
feature that is absent in the usual (2 + 1)-dimensional Abelian Higgs model. For specific
choices of the Higgs potential, the minimum energy static vortex solutions satisfy a set of
first-order differential self-duality equations, the Bogomol’nyi equations [1, 9–11]. These
self-dual systems have static multisoliton solutions that can be localized in different points
in space, or superimposed at one point.
Supersymmetric extensions of (2 + 1)-dimensional gauged Chern-Simons models have in-
terestingly appealing features [2], with the most interesting of these features, related to
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the fermionic and bosonic zero modes, in the background of these self-dual vortices [2].
The fermionic zero modes are relevant to the quantum theory of these models, since these
represent the degeneracy of the solitonic states, while the zero modes of the bosonic fluc-
tuations determine the collective coordinates that describe the solitons and their small
velocity kinematics. In some models, especially in N = 2 spacetime supersymmetric mod-
els, the fermionic zero modes are directly related to the zero modes of bosonic fluctuations,
with the latter describing massless modes around the vortices (see for example [2], and
references therein).
Since the aforementioned zero modes play a crucial role towards the formulation of the
quantum theory of supersymmetric Chern-Simons vortices, in this paper we shall present
an interesting property of the zero modes of models with global N = 2 spacetime super-
symmetry. Particularly, we find that the zero modes of fermionic and bosonic fluctuations
of Abelian gauge models having a global N = 2 spacetime supersymmetry in (2 + 1)-
dimensions, can separately constitute two N = 2, d = 1 supersymmetric quantum alge-
bras [15–22], with the zero modes being the corresponding quantum Hilbert space vectors.
Moreover, due to the N = 2 global spacetime supersymmetry of the theory, the underlying
one dimensional N = 2 supersymmetric quantum algebras can form a centrally extended
N = 4, d = 1 supersymmetric quantum algebra. Hence, the quantum system that con-
sists of fermionic zero modes and of zero modes corresponding to the bosonic fluctuations,
constitute an quantum system with centrally extended supersymmetry. For the bosonic
fluctuations subsystem, this quantum algebra has important implications for the quantum
theory of the vortices. This is owing to the fact that, the bosonic fluctuations correspond
to collective coordinates describing the vortices positions and slow velocity kinematics. As
we shall see, the underlying N = 2, d = 1 supersymmetric quantum mechanics algebra
divides the Hilbert space of the excited states corresponding to the bosonic fluctuations,
in two graded Hilbert spaces.
We shall study the models in two important limiting cases of the theory, namely for
κ = 0 and κ → 0, with κ the coupling of the Chern-Simons term. The first case, that
is the κ = 0 case, corresponds to the supersymmetric extension of the Landau-Ginzburg
model. Hence, our results could have interesting applications to quantum Hall effect
and to high-temperature superconductivity [12–14]. Inspired from these applications, we
introduce some soft supersymmetry breaking terms to the fermionic sector of the global
N = 2 spacetime supersymmetric quantum model, to see to what extend the zero modes
of the fermionic sector are affected. We shall see that the index of the corresponding
Dirac operator remains intact. These soft supersymmetry breaking terms are similar to
terms introduced by inhomogeneities in superconductors, so this result has an intrinsic
appeal, since the fermionic zero modes represent the degeneracy of the solitonic states.
Thereby, as we shall see, the degeneracy of the solitonic solutions for a (2+1)-dimensional
supersymmetric Landau-Ginzburg model is robust to inhomogeneities quantified in terms
of soft supersymmetry breaking terms.
As we already mentioned, the bosonic fluctuations determine the metric of the space that
the vortices are located and are free to move. This metric has a global SO(2) rotational
symmetry, a feature that is also met in the underlying N = 2, d = 1 quantum structure.
Actually, we shall demonstrate that the supercharges of the underlying supersymmetric
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quantum mechanics algebra have a global U(1) supersymmetry which is transformed to
an SO(2) when the supercharges are real. This global rotational symmetry is inherited to
the Hilbert space states of the aforementioned quantum system, which are the zero modes
of the bosonic fluctuations, thus indirectly establishing that the rotational symmetry of
the metric is not accidental, but has its origin to the underlying N = 2, d = 1 quantum
algebra (shortened to SUSY QM hereafter).
In contrast to the global N = 2 spacetime supersymmetric model, the N = 1 model
does not lead to an extended supersymmetric algebra between the fermionic and bosonic
fluctuations zero modes, but only leads to two different N = 2, d = 1 supersymmetries,
one for each subsystem.
This paper is organized as follows. In order to render the paper self contained, in section 1,
we briefly review the supersymmetric Chern-Simons Abelian models in (2+1)-dimensions.
In section 2, we analyze in full detail the supersymmetric quantum mechanics algebras
that underlie the bosonic and fermionic sector of the models for the κ = 0 case. Moreover,
we present the SO(2) invariance of the metric, with the latter describing the space that the
vortices are located, and also we explicitly show that the same symmetry governs the N =
2, d = 1 algebra that underlies the bosonic fluctuations. The soft supersymmetric fermionic
terms and their effect on the index of the Dirac operator, are studied in section 3. In section
4, we study the κ→∞ case of the Chern-Simons supersymmetric model and additionally,
the corresponding model for the case of N = 1 global spacetime supersymmetry. Finally,
the conclusions follow in the end of the paper.
1 Supersymmetric Maxwell-Chern-Simons Theory
Global supersymmetry, and particularly N = 2 spacetime supersymmetry plays a very
crucial role in the existence of static vortex solutions. This is due to the fact that in
the non-supersymmetric (2 + 1)-dimensional Abelian Higgs model with both Maxwell
and Chern-Simons terms in the action, self dual static vortex solutions occur only for
specific forms of the scalar potential. If spacetime supersymmetry is imposed, then the
potential form is uniquely determined [2]. Additionally to the N = 2 supersymmetry,
the N = 1 spacetime supersymmetric extension, exactly reproduces the bosonic spectrum
of the N = 2 theory. The latter situation is particularly interesting since within the
N = 2 framework, the fermionic zero modes are directly related to the bosonic zero modes,
something that is absent in the N = 1 spacetime supersymmetric extension. This fact
has particularly interesting consequences, with respect to the underlying one dimensional
supersymmetries. We now present the models that we will extensively use in the following,
based on reference [2]. The Lagrangian for the N = 2 spacetime supersymmetric model
is [2],
L = −1
4
Fµνµν +
1
4
κǫµνλFµνAλ − |Dµφ|2−1
2
(∂µN)
2 (1)
− 1
2
(e|φ|2+κN − eu2)2 − e2N2|φ|2
iψ¯γµDµψ + iχ¯γ
µ∂µχ+ κχ¯χ+ i
√
2e(ψ¯χφ− χ¯ψφ∗) + eNψ¯ψ
3
where Dµ = ∂µ−ieAµ and the gamma matrices satisfy the relation γµγν = −ηµν−iǫµνλγλ.
The fields ψ,χ are two component spinors, with ψ being a Weyl charged fermionic field
and χ a neutral complex Weyl two component spinor. The corresponding supersymmetry
transformations, under which the Lagrangian (1) is invariant, are,
δηAµ = i(η¯γµχ− χ¯γµη), (2)
δηφ =
√
2η¯ψ, δηN = i(χ¯η − η¯χ),
δηψ = −
√
2(iγµηDµφ− ηeNφ),
δηχ = γ
µη(∂µN +
1
2
iǫµνλF
νλ) + iη(e|φ|2+κN − ev2).
with η an auxiliary complex Grassmannian variable.
For later convenience, we present here the N = 1 spacetime supersymmetric Lagrangian.
This is equal to:
L′ = −1
4
Fµνµν +
1
4
κǫµνλFµνAλ − |Dµφ|2−1
2
(∂µN)
2 (3)
− 1
2
(e|φ|2+κN − eu2)2 − e2N2|φ|2
iψ¯γµDµψ + iχ¯γ
µ∂µχ+
1
2
κ(χ¯χc + χ¯cχ)− i
√
2e(ψ¯χcφ− χ¯cψφ∗)− eNψ¯ψ
Accordingly, the N = 1 supersymmetry transformations are given by:
δηψ = −
√
2(iγµηDµφ+ ηeNφ), (4)
δηχ = γ
µη(∂µN +
1
2
iǫµνλF
νλ)− iη(e|φ|2+κN − ev2).
with η a Majorana spinor. Note that the bosonic part of the N = 1 Lagrangian coincides
with the bosonic part of the N = 2 Lagrangian.
1.1 Fermionic Zero Modes of the N = 2 Supersymmetric System
We now turn our focus on the fermionic part of the N = 2 Lagrangian in order to find the
fermionic zero modes, in the background of self dual vortices. The fermionic equations of
motion corresponding to Lagrangian (1), are:
γiDiψ + ie(γ
0A0 −N)ψ −
√
2eφχ = 0 (5)
γi∂iχ− iκχ+
√
2eφ∗ψ = 0
By making the following conventions:
γ0 = σ3, γ
1 = iσ2, γ
2 = iσ1 (6)
and by setting:
ψ =
(
ψ↑
ψ↓
)
, χ =
(
χ↑
χ↓
)
(7)
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and additionally assuming positive values of the flux, we obtain the equations of motion
for the fermions:
(D1 + iD2)ψ↓ −
√
2eφχ↑ = 0 (8)
(∂1 − i∂2)χ↑ + iκχ↓ −
√
2φ∗ψ↓ = 0
(D1 − iD2)ψ↑ + 2ieA0ψ↓ +
√
2eφχ↓ = 0
(∂1 + i∂2)χ↓ − iκχ↑ +
√
2eφ∗ψ↑ = 0
We shall investigate the theory for the two limiting cases of the Chern-Simons parameter
κ, namely, for κ = 0 and κ→∞. Note that, when the Chern Simons coupling κ becomes
zero, the N = 1 and N = 2 Lagrangians reduce to the N = 2 Abelian Higgs model.
1.2 Fluctuating Bosonic Zero Modes of the N = 2 Supersymmetric Sys-
tem
In order to extract information for the self dual vortices solutions and correspondingly
for the bosonic zero modes, we focus our interest on the bosonic part of the Lagrangian
(1). The theory possesses two ground states, namely the non-symmetric one, with |φ|= v,
N = 0 and a symmetric one with φ = 0, N = ev
2
κ
. Solutions of the topological soliton
type exist in non-symmetric phase which has the following asymptotic behavior [2]:
lim
r→∞N(r)→ 0, limr→∞|φ(r)|→ v (9)
and additionally a quantized flux Φ = ±2pin
e
. In the symmetric Higgs phase, φ = 0,
N = ev2/κ, non-topological solutions exist with the following asymptotic behavior:
lim
r→∞N(r)→
ev2
κ
+
const.
r2a
, lim
r→∞|φ(r)|→
const.
ra
(10)
A compelling constraint to all static solutions is that they have to satisfy the Gauss law:
∂iF
i0 + κF12 − ie(φ∗D0φ−D0φ∗φ) = 0 (11)
Integrating over the whole space, we obtain a static configuration of magnetic flux Φ =∫
d2xF12, which has a total electric charge, Q = −κΦe . The energy of the configuration
is bounded from below by the relation E ≥ ev2|Φ|, and is saturated if the configurations
satisfy the self duality equations:
(D1 ± iD2)φ = 0 (12)
F12 ± (e|φ|2+κN − ev2) = 0
A0 ∓N = 0
∂iF
i0 + κF12 − ie(φ∗D0φ−D0φ∗φ) = 0
The quantum aspects are revealed when fluctuations of the fields around the vortex so-
lutions are considered. The most interesting of those fluctuations are the zero mode
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fluctuations, which enjoy an elevated role among the various field fluctuations, owing to
the fact that these zero modes correspond to vortex related collective coordinates (see [2]
and references therein). Actually, since it is rather difficult to determine the positions of
the vortices in the configuration space, by studying the zero modes fluctuations, we can
have information of equal importance. The equations of the zero modes fluctuations are
obtained by varying the self duality equations around the static classical vortex configu-
ration, and can be cast in the following form:
(D1 + iD2)δφ− ieφ(δA1 + iδA2) = 0 (13)
∂1δA2 − ∂2δA1 + e(φ∗δφ+ φδφ∗) + kδA0 = 0
In addition, by varying the Gauss law constraint we obtain:
(−∇2 + κ2 + 2e2|φ|2)δA0 + e(κ + 2eA0)(φ∗δφ + φδφ∗) = 0 (14)
We set κ = 0 in order to describe the Landau-Ginzburg vortex situation, as we did in the
fermion case. In that case, one can consistently set A0 = N = 0, just as we did in the
fermionic case.
2 The κ = 0 Case
2.1 N = 2, d = 1 SUSY QM Algebra in the Fermionic Sector
The fermionic equations of motion (8) for κ = 0 become,
(D1 + iD2)ψ↓ −
√
2eφχ↑ = 0 (15)
(∂1 − i∂2)χ↑ −
√
2eφ∗ψ↓ = 0
(D1 − iD2)ψ↑ +
√
2eφχ↓ = 0
(∂1 + i∂2)χ↓ +
√
2eφ∗ψ↑ = 0
The last two equations of relation (15) have no solutions describing localized fermions, but
only have some trivial solutions [2]. Conversely, the first two equations of relation (15),
have 2n solutions, with n the vorticity number [2]. Hence, we can form an operator DLG,
corresponding to the first two equations of (15),
DLG =
(
D1 + iD2 −
√
2eφ
−√2φ∗ ∂1 − i∂2
)
(16)
which acts on the vector:
|ΨLG〉 =
(
ψ↓
χ↑
)
. (17)
Thereby, the first two equations of (15) can be written as:
DLG|ΨLG〉 = 0 (18)
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The solutions of the above equation yield the zero modes of the operator DLG, but since
as we already mentioned, the first two equations of (15) have 2n normalized solutions, we
can easily conclude that:
dimkerDLG = 2n (19)
Moreover, the adjoint of the operator DLG, namely D†LG, is equal to:
D†LG =
(
D1 − iD2
√
2eφ√
2φ∗ ∂1 + i∂2
)
(20)
and acts on the vector:
|Ψ′LG〉 =
(
ψ↑
χ↓
)
. (21)
The zero modes of the corresponding adjoint operator D†LG, correspond to the solutions
of the last two equations of (15), with the obvious replacement e→ −e. Obviously, since
the corresponding pair of equations has no normalized solutions, the corresponding kernel
of the adjoint operator is null, that is:
dimkerD†LG = 0 (22)
The normalization condition for the solutions of (15) is crucial for our analysis, since only
for such solutions, the operator DLG is Fredholm, a result that can be verified by (19) and
(22). The Fredholm property is an exceptional attribute of the system under study as we
will see latter. The fermionic system in the self dual vortices background, possesses an
unbroken N = 2, d = 1 supersymmetry. Indeed, the supercharges of this N = 2, d = 1
SUSY algebra are related to the operator DLG and are equal to:
QLG =
(
0 DLG
0 0
)
, Q†LG =
(
0 0
D†LG 0
)
(23)
while the quantum Hamiltonian of the quantum system is:
HLG =
( DLGD†LG 0
0 D†LGDLG
)
(24)
These three elements of the algebra, satisfy the d = 1 SUSY algebra:
{QLG,Q†LG} = HLG ,Q2LG = 0, Q†LG
2
= 0 (25)
The Hilbert space of the supersymmetric quantum mechanical system, HLG is Z2 graded
by the operator W, the Witten parity, an involution operator. This operator commutes
with the total Hamiltonian,
[W,HLG] = 0 (26)
and anti-commutes with the supercharges,
{W,QLG} = {W,Q†LG} = 0 (27)
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Moreover, W satisfies the following identity,
W2 = 1 (28)
a property inherent to projective operators. Let us see what kind of projective operator
this involution is. As we already mentioned, the Witten parity W, spans the total Hilbert
space into subspaces which are Z2 equivalent. Hence the total Hilbert space of the quantum
system can be written as:
H = H+ ⊕H− (29)
with the vectors that belong to the two subspaces H±, classified according to their Witten
parity, to even and odd parity states, that is:
H± = P±H = {|ψ〉 :W|ψ〉 = ±|ψ〉} (30)
In addition, the corresponding Hamiltonians of the Z2 graded spaces are:
H+ = DLGD†LG, H− = D†LGDLG (31)
The operator W, in the case at hand, can be represented in the following matrix form:
W =
(
1 0
0 −1
)
(32)
In equation (30) we introduced the operator P, which makes the classification of the
Hilbert vectors to even an odd states more transparent, since the eigenstates of P± the
eigenstates of which, |ψ±〉, satisfy the following relation:
P±|ψ±〉 = ±|ψ±〉 (33)
Thereby, we call them positive and negative parity eigenstates, with “parity” referring to
the P± operator, which is nothing else but the Witten parity operator. Deploying the
representation (32) for the Witten parity operator, the parity eigenstates can represented
by the vectors,
|ψ+〉 =
( |φ+〉
0
)
, |ψ−〉 =
(
0
|φ−〉
)
(34)
with |φ±〉 ǫ H±. Turning back to the fermionic system at hand, it is easy to write the
fermionic states of the system in terms of the SUSY quantum algebra. We already wrote
down the supercharges, namely relation (23), hence it easy to identify that:
|ΨLG〉 = |φ−〉 =
(
ψ↓
χ↑
)
, |Ψ′LG〉 = |φ+〉 =
(
ψ↑
χ↓
)
(35)
Therefore, the corresponding even and odd parity SUSY quantum states are:
|ψ+〉 =
( |Ψ′LG〉
0
)
, |ψ−〉 =
(
0
|ΨLG〉
)
(36)
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upon which, the Hamiltonian and the supercharges act. Supersymmetry is unbroken if the
Witten index is a non-zero integer. The Witten index for Fredholm operators is defined
to be:
∆ = n− − n+ (37)
with n± the number of zero modes of H± in the subspace H±, with the constraint that
these are finitely many.
The case for which the Witten index is zero and also if n+ = n− = 0, then supersymmetry
is broken. Conversely, if n+ = n− 6= 0, the system has still an unbroken supersymmetry.
The Witten index is directly connected to the Fredholm index of the operator DLG, as
can be seen in the following equations:
∆ = dimkerH− − dimkerH+ = dimkerD†LGDLG − dimkerDLGD†LG = (38)
indDLG = dimkerDLG − dimkerD†LG
Recalling the results of equations (19) and (22), the Witten index is equal to:
∆ = −2n (39)
Hence, the fermionic system in the self-dual Landau-Ginzburg vortices background with
N = 2 spacetime supersymmetry, has an unbroken N = 2, d = 1 supersymmetry. This
result could stem from the fact that the initial system has an unbroken N = 2 spacetime
supersymmetry, so the Hilbert space of the zero modes states retains a N = 2, d = 1
supersymmetric quantum algebra. Oddly this is not true, as we shall discuss in the
following sections.
We must be cautious when we study supersymmetric algebras in different dimensions. The
spacetime supersymmetric algebra is four dimensional while the SUSY quantum mechan-
ics algebra is one dimensional. Moreover, spacetime supersymmetry in d > 1 dimensions
and supersymmetric quantum mechanics, that is d = 1 supersymmetry, are not the same.
However, there is an obvious connection, since extended (with N = 4, 6...) supersymmet-
ric quantum mechanics models can describe the dimensional reduction to one (temporal)
dimension of N = 2 and N = 1 Super-Yang Mills models [24–33]. Yet, the N = 2,
d = 1 SUSY quantum mechanics supercharges do not generate spacetime supersymmetry.
Following the same lines of research, the supersymmetry in supersymmetric quantum me-
chanics, does not directly relate fermions and bosons, and does not of course classify these
as representations of the Poincare algebra in four dimensions. Furthermore, the SUSY QM
supercharges do not generate transformations between fermions and bosons. Nevertheless,
these supercharges classify the Hilbert space of quantum states according to the group Z2.
In addition, the supercharges generate transformations between the Witten parity eigen-
states, which are two orthogonal eigenstates of the quantum Hamiltonian. In conclusion,
the supersymmetric quantum mechanics algebra is not a spacetime supersymmetry, but a
quantum algebra that some of the representations of the super-Poincare algebra obey, at
least in the theoretical framework we are working in this paper.
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2.2 N = 2, d = 1 SUSY QM Algebra of the Bosonic Fluctuations
The bosonic zero modes equations for κ = 0 and A0 = N = 0 are cast in the following
form:
(D1 + iD2)δφ − ieφ(δA1 + iδA2) = 0 (40)
(∂1 − ∂2)(δA1 + iδA2) + 2ieφ∗δφ = 0
Note that the above equations become identical to equations (12), if we substitute:
ψ↓ = δφ, χ↑ =
i√
2
(δA1 + iδA2) (41)
Hence, we conclude that the number of the zero modes corresponding to equation (40), is
equal to the total number of zero modes corresponding to equation (12), that is 2n. Clearly,
we can understand that, as in the fermionic case, a N = 2 SUSY quantum mechanical
algebra underlies the bosonic system as well. The structure of the algebra must clearly be
the same as the fermionic one, with the difference that the corresponding Hilbert space
vectors should be different. Indeed, equations (40) can be written in the following form:
D′LG|ΦLG〉 = 0 (42)
where, the operator D′LG is defined to be:
D′LG =
(
D1 + iD2 −
√
2eφ
−√2φ∗ ∂1 − i∂2
)
(43)
and is considered to act on the vector:
|ΦLG〉 =
(
δφ
i√
2
(δA1 + iδA2)
)
. (44)
Therefore, we arrive to the conclusion that:
dimkerD′LG = 2n (45)
Furthermore, as in the fermionic case, we have for the operator D′LG†,
dim kerD′LG† = 0 (46)
The operators D′LG and D′LG† are Fredholm, and therefore any which operator constructed
from these, is also Fredholm. The supercharges and the Hamiltonian, that constitute the
N = 2, d = 1 algebra in the bosonic case, are:
Q′LG =
(
0 D′LG
0 0
)
, Q′†LG =
(
0 0
D′†LG 0
)
, H′LG =
( DLGD†LG 0
0 D†LGDLG
)
(47)
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These three elements of the algebra, satisfy the d = 1 SUSY algebra:
{Q′LG,Q′†LG} = H′LG ,Q2LG = 0, Q†LG
2
= 0 (48)
Supersymmetry is unbroken, since the correspondingWitten index ∆′ is a non-zero integer,
in this case too. Indeed:
∆′ = −2n (49)
Interestingly enough, we found that the bosonic fluctuations in the self dual Landau-
Ginzburg vortex background, are related to a N = 2 SUSY quantum mechanics algebra,
which is identical to the fermionic SUSY quantum mechanics algebra, that we came across
earlier. It stands to reason to ask if there is a more rich symmetry structure underlying
the fermion-boson system, apart from these two N = 2 algebras. The answer lies in
the affirmative. In order to see this, we compute the following commutation and anti-
commutation relations:
{Q′LG,Q′LG†} = 2H, {QLG,QLG†} = 2H, {QLG,QLG} = 0, {Q′LG,Q′LG} = 0, (50)
{QLG,Q′LG†} = Z, {Q′LG,QLG†} = Z,
{Q′LG†,Q′LG†} = 0, {QLG†,QLG†} = 0, {QLG†,Q′LG†} = 0, {QLG,Q′LG} = 0
[Q′LG,QLG] = 0, [QLG†,Q′LG†] = 0, [Q′LG,Q′LG] = 0 [Q′LG†,Q′LG†] = 0,
[H′LG,Q′LG] = 0, [H′LG,Q′LG†] = 0, [HLG,QLG†] = 0, [HLG,QLG] = 0,
with Z:
Z = 2HLG = 2H′LG (51)
The element Z commutes with all the elements of the two algebras, namely the su-
percharges QLG,Q′LG, their conjugates QLG†,Q′LG† and finally the Hamiltonians, H =
HLG = H′LG. The relations (50) describe an N = 4 supersymmetric quantum mechanics
algebra with central charge Z, which is the Hamiltonian of each N = 2 subsystem. Indeed,
for an N = 4 algebra we have:
{Qi, Q†j} = 2δjiH + Zij, i = 1, 2 (52)
{Qi, Qj} = 0, {Q†i , Q†j} = 0
Clearly the algebra (50) possesses two central charges which are equal. Particularly the
central charges are Z12 = Z21 = Z.
Obviously, such a structure is particularly interesting, since the fermions and the fluctu-
ations of the bosonic fields, that are connected with a N = 2 spacetime supersymmetric
algebra, in (2 + 1)-dimensions, constitute the Hilbert space of an N = 4 d = 1 supersym-
metric quantum mechanics algebra.
The N = 4 supersymmetric algebra is very important in string theory, since extended
(with N = 4, 6...) supersymmetric quantum mechanics models are the resulting models
from the dimensional reduction to one (temporal) dimension of N = 2 and N = 1 Super-
Yang Mills theories, as we already mentioned [23]. Moreover, extended supersymmetries
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serve as super-extensions of integrable models like Calogero-Moser systems, Landau-type
models [23]. But one of the most salient feature of the N = 4 extended supersymmetric
quantum algebra is that it can be connected to a generalized harmonic superspace [24–33],
with the latter being a useful tool for N ≥ 4 supersymmetric model building. These
harmonic space structures are linked to supersymmetric linear sigma models defined in
the target space. In addition, the harmonic variables give rise to target space harmonics.
2.2.1 SO(2) Quantum States Symmetry and the Metric of Vortices
We shall now address an issue related to the metric of the space of solutions corresponding
to the vortices. The dynamics of slowly moving vortices may be described by geodesic
motion on the manifold of static bosonic soliton solutions, where the metric on the manifold
is described by the kinetic energy of the fields. The metric looks like [34,35]:
ds2 =
∫
d2x
(
〈dAi|dAi〉+ 〈dφi|dφi〉
)
(53)
Hence, we can see that the zero mode bosonic fluctuations can sufficiently describe the
dynamics of the vortices and also provide a consistent quantum mechanical description of
the slowly moving vortices [2, 34–36]. If the motion is not slow, then these fluctuations
would produce massive bosonic excitations on the 2n moduli space manifold of the Higgs
solutions [34], but for sufficiently slow motion, these can be disregarded. In addition, the
metric has an SO(2) symmetry [36] which finds a physical explanation to the fact that
the system of vortices is unchanged by a constant rotation of all the velocity vectors. It
is intriguingly interesting that the fluctuations of the bosonic fields are the Hilbert space
states of an N = 2 supersymmetric quantum mechanics algebra. This is important, since
it provides a theoretical framework and helps us to further enlighten the quantum the-
ory of abelian vortices, to which theory, the bosonic fluctuations are collective coordinates
associated with the vortices [2]. In reference to the SO(2) symmetry, the N = 2 supersym-
metric quantum mechanics algebra, to which the bosonic fluctuations are the Hilbert space
states, provides the complex supercharges with a global U(1) symmetry, which passes to
the eigenstates [16,17]. Indeed, the superalgebra and the Hamiltonian are invariant under
the transformations:
QLG1 = e−iaQ′LG, Q†LG1 = eiaQ′LG (54)
Thereby, each quantum system is invariant under a global R-symmetry of the form of a
global-U(1). The global U(1) symmetry is also a symmetry of the Hilbert states corre-
sponding to the spacesH+,H−. Let, ψ+LG and ψ−LG denote the Hilbert states corresponding
to the spaces H+ and H−. The U(1) transformation of the quantum Hilbert space states
is equal to,
ψ
′+
LG = e
−iβ+ψ+LG, ψ
′−
LG = e
−iβ−ψ−LG (55)
The parameters β+ and β− are global parameters so that their relation to a is a = β+−β−.
The connection of this global U(1), to the aforementioned SO(2) symmetry of the metric is
obvious, since the two groups are homomorphic, but we can make it more transparent, if we
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write the complex SUSY quantum mechanics supercharges, in terms of real supercharges.
Indeed, we can write:
Q′LG = 1√
2
(
Q1 + iQ2
)
, Q′†LG =
1√
2
(
Q1 − iQ2
)
(56)
where Q1, Q2 are real supercharges. Hence the global U(1) transformation of relation (54)
becomes: (
Q′1
Q′2
)
=
(
cos a sin a
− sin a cos a
) (
Q1
Q2
)
(57)
Obviously, this transformation holds for the fluctuations of the bosonic fields, that is:
 δφ
′
i√
2
(δA1 + iδA2)
′

 = ( cos a sin a− sin a cos a
)  δφ
i√
2
(δA1 + iδA2)

 (58)
Therefore, the SO(2) symmetry of the metric of the fluctuations (53) and the SO(2)
symmetry of the supercharges of the corresponding quantum Hilbert states (58) certainly
have the same origin. Hence, this supersymmetric quantum mechanics algebra of the
bosonic fluctuations is an interesting ingredient of the quantum theory of the self dual
vortices, since it provides information for the theoretical background of the theory.
2.2.2 N = 2, d = 1 SUSY QM and Massive Bosonic Fluctuations
The implications of the unbroken N = 2 supersymmetric quantum mechanics algebra
to the non-zero modes eigenfunctions, are quite interesting, since d = 1 supersymmetry
provides a natural grading to the excited quantum states of the quantum system and ad-
ditionally a relationship between the two graded types of eigenfunctions. Particularly, the
non-zero modes quantum states, that is the eigenfunctions of the quantum Hamiltonian,
are classified according to their Witten parity to W-positive and W-negative states,
P±|Ψ±E〉 = ±|Ψ±E〉 (59)
where the index E indicates that the above states are not zero modes. Using the repre-
sentation (60)
|Ψ+E〉 =
( |ψ+E〉
0
)
, |Ψ−E〉 =
(
0
ψ−E〉
)
(60)
where the eigenfunctions ψ±E belong to the graded subspace of the total Hilbert space,
that is ψ±E ∈ H±. Note that the action of the supercharges on the graded subspaces H±,
is as follows:
Q′LGH− ⊂ H+, Q′LG†H+ ⊂ H− (61)
Particularly, in reference to the above relation, the exact relationship between the eigen-
functions is:
Q′LG†|Ψ+E〉 =
√
E|Ψ−E〉, Q′LG|Ψ−E〉 =
√
E|Ψ+E〉 (62)
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with E the non-zero eigenvalue of the Hamiltonian, that is:
H′LG|Ψ±E〉 = E|Ψ±E〉 (63)
From the above equations naturally follows that the Hamiltonians of the graded subspaces
of the total Hilbert space H are isospectral, that is:
spec(H+)/{0} ≡ spec(H−)/{0} (64)
Hence, the following relations hold for the operators DLG and D†LG, as a direct consequence
of (62),
DLG|ψ−E〉 =
√
E|ψ+E 〉, D†LG|ψ+E 〉 =
√
E|ψ−E〉 (65)
Thereby, although the kernel of the operator D†LG is null, the non-zero modes (excited
states) spectrum of this operator exist. Moreover, these are equal in number to the non-
zero mode spectrum of DLG. We believe that this result is an interesting attribute of
the quantum theory of self dual Abelian-Higgs vortices and serves as a small development
towards a quantum theory of the self dual vortices.
3 Soft Supersymmetry Breaking Terms Impact on the In-
dex
One of the most interesting results that we found in the previous sections, is the fact
that the both the bosonic fluctuations and the fermionic fields have the same number of
zero modes, a fact that is a consequence of the N = 2 spacetime supersymmetry of the
physical system. It would be interesting to see if the soft breaking of supersymmetry
in one of the sectors, has a direct impact on the number of the zero modes and on the
underlying supersymmetric quantum mechanics algebras.
Soft supersymmetry breaking [37, 38] is one elegant way to imitate the phenomenolog-
ical picture of the Standard Model with the superpartners hidden from the low energy
spectrum, rendering the resulting theory free of the quadratic divergences of the Stan-
dard model. Soft supersymmetry breaking is materialized in Lagrangian terms that have
positive mass dimension coupling. We shall make use of the following terms:
−M1χ¯↑ψ↓, −M2ψ¯↓χ↑ (66)
which obviously break supersymmetry when added to the N = 2 spacetime supersym-
metric Lagrangian, because they explicitly give masses to the fermions and not to their
supersymmetric superpartners. The addition of these terms modifies the fermionic equa-
tions of motion (8), in such a way that the matrix DLG is modified to be:
Ds =
(
D1 + iD2
√
2eφ−M1
−M2 +
√
2φ∗ ∂1 − i∂2
)
(67)
The operator Ds can be written as follows:
Ds = DLG + C (68)
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with C,
C =
(
0 −M1
−M2 0
)
(69)
The operator C is considered to contain non-infinite terms, which is an obvious constraint
since the masses originate from Lagrangian mass terms, and consequently it is a bounded
operator. Moreover it is an odd matrix. There exists a theorem relating Fredholm opera-
tors that are connected the same way as the operators Ds and DLG, which states that:
• For D′ = D + C with D a trace class operator and C a bounded odd operator, the
indices of D + C and C are equal, that is
indt(D + C) = indtD (70)
In our case, the condition trace-class is satisfied since the operators Ds and DLG, are
Fredholm. In addition, the matrix C is odd (it commutes with the involution of the Z2
graded supersymmetric algebra), hence the theorem above applies, and we find that:
indDs = ind(DLG + C) = indDLG (71)
Hence, we conclude that soft supersymmetry breaking does not affect the Witten index
of the underlying supersymmetric algebra, and therefore the N = 2, d = 1 SUSY algebra
remains unbroken.
Since the Landau-Ginzburg model vortices solutions are pretty much related to the theo-
retical framework of the Abelian-Higgs models, and since type II superconductors can be
described by Landau-Ginzburg models, it is tempting to think that the soft supersymme-
try terms are similar to the impurities terms in anisotropic superconductors [39]. As we
saw, the impurities do not have a direct effect on the zero mode spectrum of the fermionic
sector of the N = 2 Abelian-Higgs models. Moreover, since the number of fermionic
zero modes characterize the degeneracy of the solitonic solutions, this number remains
invariant, under the soft breaking of spacetime supersymmetry.
4 The κ→∞ Case
The κ → ∞ limit of the model, is qualitatively very much alike to the κ = 0 case, which
we just presented. In the case at hand, the ratio e2/κ remains fixed, and hence the neutral
scalar field can be represented in terms of the complex scalar field (the kinetic term of the
neutral scalar can be neglected). Moreover, the same arguments apply for the spinor field
χ which can be written in terms of the spinor ψ. Therefore, it is possible to write:
N = −1
κ
e(|φ|2−v2), χ = − i
κ
√
2eφ∗ψ (72)
Hence, equation (5) can take the form:
γiDi + ie
(
γ0A0 +
e
κ
(3|φ|2−v2)
)
ψ = 0 (73)
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Using the conventions (6), equation (74) can be cast as:
(D1 + iD2)ψ↓ + ie
(
A0 +
e
κ
(3|φ|2−v2)
)
ψ↑ = 0 (74)
(D1 + iD2)ψ↑ + ie
(
A0 − e
κ
(3|φ|2−v2)
)
ψ↓ = 0
Upon using the equality:
A0 =
e
κ
(v2 − |φ|2) (75)
which is a direct consequence of (12), the equations (74) can be cast in the following form:
(D1 + iD2)ψ↓ +
(
2i
e2
κ
φ
)
ψ′↑ = 0 (76)
(∂1 − i∂2)ψ′↑ + 2i
e2
κ
(
v2 − 2|φ|2
)
φ∗ψ↓ = 0
The zero mode behavior of the above case is similar to the Abelian Higgs model, hence
we refrain from going into details. Accordingly, an unbroken N = 2 supersymmetric
quantum mechanics algebra underlies the fermionic sector of the minimal Chern-Simons
Higgs Model, with the supercharges and the Hamiltonian in this case being equal to:
QCS =
(
0 DCS
0 0
)
, Q†CS =
(
0 0
D†CS 0
)
, HCS =
( DCSD†CS 0
0 D†CSDCS
)
(77)
The operator DCS is equal to:
DCS =
(
D1 + iD2 2i(e
2/κ)φ
2i(e2/κ)(v2 − 2|φ|2)φ∗ ∂1 − i∂2
)
(78)
which acts on the vector:
|ΨCS〉 =
(
ψ↓
φ∗ψ↑
)
. (79)
The Witten index corresponding to the fermionic section is equal to:
∆CS = −2n (80)
and therefore supersymmetry is unbroken. The bosonic sector yields the same set of
equations of motion, and thereby the supercharges and the Hamiltonian are the same as
the fermionic ones, hence an N = 2 d = 1 supersymmetric quantum algebra underlies the
bosonic system. In this case however, the quantum Hilbert space vectors, are written in
terms of the vectors: (
δφ
− κ
2e
(δA1 + iδA2)
)
. (81)
Moreover, the fermionic supersymmetry and the bosonic N = 2, d = 1 supersymmetry,
constitute a N = 4 d = 1 supersymmetry with central charge Z = 2HCS . The quantum
theory of the self dual vortices has the same attributes, as the Abelian-Higgs model has,
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which we described in detail in the previous sections. As we already mentioned, the two
separate N = 2, d = 1 supersymmetries may not necessarily be a result of the fact that the
fermionic-bosonic system satisfies an N = 2 spacetime supersymmetric algebra. Contrast-
ingly, the N = 4 d = 1 supersymmetric quantum algebras that the supercharges of the
two N = 2 supersymmetries obey, is an artifact of the N = 2 spacetime supersymmetry.
This will become quantitatively apparent in the next section, where we consider the N = 1
case.
4.1 The N = 1 Global Supersymmetric Model
As we mentioned earlier, the bosonic part of the N = 1 and N = 2 supersymmetric models
is the same. Therefore, we can built an N = 2 supersymmetric quantum mechanics algebra
based on the operator D′LG, which for the κ = 0 case is given by relation (43). However,
the fermionic part of the N = 1 spacetime supersymmetric quantum model is different
from the N = 2 model. Hence the equations of motion for the N = 1 model and for κ = 0
(for all other values of κ similar results hold true), can be directly connected to a N = 2,
d = 1 algebra. These equations are:
(D1 + iD2)ψ↓ +
√
2eφχ∗↓ = 0 (82)
(∂1 + i∂2)χ↓ +
√
2eφψ∗↓ = 0
The number of fermionic zero modes is 2n in this case too. Hence the Witten index of the
underlying N = 2, d = 1 algebra corresponding to fermions is non-zero, and thereby, the
N = 2, d = 1 is unbroken. In the case at hand however, no simple relation exists between
the fermions and the bosonic fluctuations. As a result, the system has two completely
independent underlyingN = 2, d = 1 SUSY algebras, which we denote N1 and N2. Hence,
the system has a total underlying supersymmetric quantum algebra N of the form:
N = N1 ⊕N2 (83)
These two algebras do not combine to form an extended supersymmetric algebra, as in
the N = 2 spacetime case. This supports our conjecture, that the reason behind the
centrally extended N = 4 supersymmetric quantum algebra corresponding to the N = 2
spacetime case, is this N = 2 spacetime supersymmetry, which actually directly connects
the fermions with the bosonic fluctuations. This fact is materialized in the transformation
of the components of the N = 2 superfields.
The N = 2, d = 1 supersymmetric quantum algebra does not necessarily originates from
a spacetime supersymmetric algebra. Contrastingly, the N = 4 d = 1 algebra, actually
originates from a spacetime supersymmetric algebra, a fact that is intriguingly interesting.
This is because, a quantum structure that is based on a grading of the N = 4 Hilbert
space is directly connected to an N = 2 super algebra of the three dimensional spacetime.
Let us set this in a more formal way. The fermionic solutions of the N = 2 spacetime
algebra, are the sections of the U(1) (Abelian Higgs Model) twisted spin bundle:
E = P(M) × Sspin (84)
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with P(M) the double cover of the principal SO(3) bundle of the tangent space TM of the
spacetime manifoldM , and Sspin the irreducible representation of the Spin(3). The N = 2
spacetime algebra directly connects these sections to the bosonic fluctuations of the scalar
fields, and also a part of these sections give rise to an underlying N = 4 supersymmetric
quantum mechanics algebra.
Conclusions
In this paper we studied supersymmetric quantum mechanical algebras in Chern-Simons
abelian gauge theories in (2 + 1)-dimensions with N = 2 spacetime supersymmetry. We
have examined various limits of the models. We analyzed in detail the κ = 0 case, which
makes the theory identical to the N = 2 Abelian-Higgs model in (2 + 1)-dimensions. In
that case, we found that the fermionic system of this model can constitute an unbroken
N = 2, d = 1 supersymmetric quantum algebra, with zero central charge. Remarkably, the
bosonic system, and in particular the bosonic fluctuations, give rise to another unbroken
N = 2, d = 1 supersymmetric algebra with zero central charge. The N = 2 spacetime
supersymmetry plays a prominent role in this framework, since it directly connects the
fermionic fields involved to the N = 2, d = 1 superalgebra, to the bosonic fluctuations.
As a result, the two superalgebras combine to create an extended N = 4, d = 1 super-
algebra with non-zero central charge. These qualitative features hold true for the case
κ 6= 0 and also for the κ → ∞ limit of the theory. We argued that the aforementioned
N = 4 structure is a result that originates from the N = 2 spacetime supersymmetry
of the initial system. We should mention that the N = 2, d = 1 supersymmetry is not
a spacetime supersymmetry and hence this symmetry is not directly connected to the
spacetime N = 2 supersymmetry of the system. As we explained in the previous sections,
this supersymmetric algebra causes a grading of the Hilbert space of the quantum system
in Witten parity even and parity odd states. These are not spacetime fermions or bosons
but simply are Z2 graded states. The N = 4, d = 1 supersymmetry has its origin in the
higher dimensional spacetime supersymmetry, while the N = 2, d = 1 supersymmetry has
a geometrical origin which we shall not present here, but we will study in another work.
The first argument is further supported by the fact that, for the N = 1 model there also
exist two underlying N = 2, d = 1 super algebras, but nonetheless, these do not combine
to an N = 4 superalgebra.
We also analyzed what would be the effect of soft supersymmetry breaking in the fermionic
sector, on the number of fermionic zero modes. Recall that the fermionic zero modes
represent the degeneracy of the soliton states. As a result of the robustness of the index
of Fredholm operators against compact perturbations, the soft supersymmetry breaking
has no direct effect on the degeneracy of the solitonic states of the system.
The zero modes of the bosonic fluctuations provide information for the spacetime metric
of the manifold, on which the self-dual vortices are free to move slowly. This metric has
a rotational SO(2) symmetry. Using the N = 2, d = 1 invariance of the supercharges
under a global U(1), we came up to the same result for the Hilbert space states of the
quantum mechanical system. Moreover, the N = 2, d = 1 algebra provides us with
18
information about the non-zero mode spectrum of the bosonic fluctuations. Particularly,
these are classified as even and odd Witten parity states and in addition, there exists
an isospectrality of the sub-Hamiltonians corresponding to the graded Hilbert subspaces.
These results are relevant to the quantum theory of self-dual solitons.
Finally, we have to mention that N = 2, d = 1 superalgebras are usually found in fermionic
systems. But as we saw, in the context of N = 2 spacetime supersymmetry, also bosonic
systems possess such a superalgebra. Specifically, the system of bosonic fluctuations con-
stitutes a superalgebra and not the one corresponding to bosonic fields. It would be
interesting to find other bosonic physical systems with defects, in which such a superalge-
bra exists, without the need of a spacetime supersymmetry in the theoretical framework
of the theory under study. We hope to address such issues in the future.
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